Energy-loss Straggling
A charged particle penetrating through matter loses its energy in numerous Coulomb collisions at random points along its track. The most probable energy losses in individual collisions are of the order of20 eV. In light elements and gases, as many as four fifths of all losses are smaller than 100 eV. The total energy loss, ..1, in a track segment of length s, is a stochastic quantity whose distribution is described in terms ofastraggling function, F (..1, s) . The straggling function, F(..1, s), is not symmetrical around the mean energy loss ..1 av ; therefore, the most probable energy 10ss..1 p (the value of..1 at which F(..1, s) is largest) is not equal to ..1 av • Note that ..1 a v> not ..1 p , is related to the stopping power as defined in Section 1.2.
In this Section, the straggling function is discussed insofar as it originates from multiple inelastic collisions with atomic electrons. For a review of straggling at very low energies due to multiple elastic scattering with atomic nuclei, the reader is referred to the book by Ziegler et al. (1985) .
Energy-loss Straggling in Long Track Sections
For long path lengths, the straggling function approaches a Gaussian distribution (Bohr, 1948) , F(..1, s) = (n..j2;) -\ exp [-(..1 -..1 a Y /( 2.Q2)] (6.1) with a variance [}2, and a mean value ..1 av equal to the product of path length, s, and the stopping power. Equation (6.1) is a good approximation provided that two conditions are met: [} must be much larger than the maximum energy loss in a single collisions, W m, and ..1 av must be small compared to the initial particle energy. If the path length is long enough so that the the particle loses a considerable fraction of its energy, ..1 av must be calculated from a range-energy relation such as Eq. (7.1) or in a more complicated manner, but the straggling distribution is still Gaussian in good approximation. However, for extremely long path lengths such that ..1 av amounts to 80 percent or more of the initial energy, the straggling function is no longer Gaussian.
For any straggling function, the variance .Q2 of the energy loss, .Q2 = ( ..1 -..1 av )2) is given by
where q(W)dW is the probability, per unit path length, of an inelastic collision to occur with an energy loss between Wand W + dW. The quantity q(W) is called the collision spectrum, and is propor-61 tional to the inelastic scattering cross section. The mass collision spectrum is
When the Rutherford cross section is used for dU;n / dW, the mass collision spectrum becomes q(W) k (6.4) with (6.5)
The variance of the straggling distribution is then (Bohr, 1948) ( 6.6) where W m is the maximum possible energy loss in a single collision (see Eq. 2.4). The variance according to Eq. (6.6) is denoted as [}B2.
A more accurate expression for the variance is
The term {32/ 2 arises when the Rutherford cross section is multiplied by the relativistic correction factor 1 -{32W/W m. The correction term ~ takes into account the velocity distribution of the target electrons. Fano (1963) derived for the correction term 02 a result which can be written as (6.8)
The quantities S\ and 1\ can be evaluated in terms of integrals over the oscillator-strength distribution df/dE: (6.9) and f OO df
(6.10)
It should be noted that
where (T )at is the average kinetic energy of an atomic electron, and the correction term takes into account the correlation between the velocities ofthe electrons.
Experimental values of 8 1 and 11 in various gases of low atomic number were determined by Zeiss et al. (1977b) , and theoretical values for atoms with Z = 1 to 38 were calculated by Inokuti et al. (1981) . Innershell corrections were introduced into Eq. (6.8) by Bichsel (1974) . At low energies, the straggling variance, [12, must be determined either experimentally, or from theories other than the Bethe theory. Calculations based on the free-electron-gas model have been carried out by Bonderup and Hvelplund (1971 ), Chu (1976 ), Hoffman and Powers (1976 ), and Sigmund and Fu (1982 . Besenbacher et al. (1980, 1981a) compared their straggling measurements for protons and alpha particles with various theoretical results. They found that for gases, satisfactory agreement between experiment and theory can be obtained only if the correction term 02 is modified to include the effects of charge-state fluctuations, as well as certain correlation effects, both of which increase the width of the straggling distribution. The correlation effects are due to the non-uniform distribution of the target electrons which are bunched in atoms and molecules, and are more important for gases than for amorphous solids. Figure 6 .1 shows values of the variance, {l2, measured by Besenbacher et al. (1981a) for 40-keV to I-MeV protons and for 100-keV to 2.4-MeV alpha particles in gases, and illustrates the considerable departures at low energies from Bohr's value ~. A survey of available experimental data for the energyloss straggling of low-energy protons, alpha particles and heavy ions has recently been completed by Yang et al. (1991) . They developed an empirical fit of the scaled variance {l2 / {lB 2 using the results of Chu (1976), combined with a multiplicative effectivecharge factor and an additive correlation term.
Measurements of the straggling in solids are complicated by the fact that variations of the foil thickness and surface irregularities can introduce large spurious contributions to the variance. Besenbacher et al. (1980) proposed a method of correcting for this, and gave an example of an experiment in which, after the elimination of spurious straggling, the measured variance is in fairly good agreement with the theory of Bonderup and Hvelplund (1971) . These results for protons and alpha particles in various metals are shown in Figure 6 .2 in terms of the ratio [12/ {lB 2 of the measured variance to that from Bohr's theory.
The Gaussian approximation, Eqs. (6.1) and (6.2), is the result of a one-velocity treatment in which the collision spectrum q(W) is assumed to be constant over the path length considered. Ifthe average energy loss, Llav' is no greater than 10 to 20 percent of the initial energy, To, one can still use Eq. (6.1) while evaluating the collision spectrum at an intermediate energy To -Ll av /2. An extension of straggling theory was developed by Tschalar (1967, 1968a, 1968b) which is applicable to path lengths in which particles lose up to 80 percent of their energy. Tschalar's method involves the calculation of the first four moments of the straggling function, which are then used to construct an analytical approximation.
Tschalar's calculations were for a free-electron Rutherford collision spectrum, but Tschalar and Maccabee (1970) later applied a binding correction to obtain improved agreement with their measured straggling distributions for 20-and 49-MeV protons and 80-MeV helium ions in aluminum and gold. Other straggling measurements in thick metal targets were made by Armitage and Trehan (1976) for 6-to 12-MeV protons, and by G. H. Bauer et al. (1989) for 2to 7-MeV protons in various metals. The widths of these measured straggling functions exceed the theoretically predicted widths by up to 10 or 20 percent. These discrepancies would be reduced by a binding correction, and may, in part, be due to spurious straggling contributions due to non-uniformities of the foils.
Energy-loss Straggling in Moderately Short Track Sections
Williams (1929) developed a straggling theory in which the Gaussian approximation is used to describe the combined energy loss from all individual collisions with energy losses smaller than a cut-off value We. The probability of 1, 2, ... , n collisions with losses greater than We is given by a Poisson distribution. The value of We was chosen by Williams so that, on the average, one collision with an energy loss W > We occurs in the path length of interest. The final straggling function is obtained by convoluting the Gaussian distribution with a straggling distribution for one or a few collisions with losses greater than We' The implementation of Williams' method is particularly easy with the Monte Carlo method.
Landau (1944) treated the straggling problem analytically, and obtained results similar to those of Williams. He solved the transport equation for the straggling function, (6.12) using the non-relativistic Rutherford collision spectrum q(W). Landau's theory gives the straggling function in terms of a universal function FL(A) such that (6.13) An accurate tabulation of FL (A) has been given by Borsch-Supan (1961) . The relation between Ll and the scaled energy-loss variable A is (6.14) where g = ks, k is given by Eq. distribution is applicable only for path lengths such that g is much greater than the mean excitation energy, I, and much smaller than the maximum energy loss, W m • In Landau's theory, the limitation of individual energy losses to values smaller than W m is disregarded. Vavilov (1957) refined the theory by taking this limit into account, and used the relativistic Rutherford collisions spectrum. The resulting straggling function Fv(A, (3, K, s) is no longer a universal function of but also depends on {3 and on the parameter (6.15) For K ::; 0.01, the Vavilov distribution goes over into the Landau distribution, and for K » 1 it approaches a Gaussian distribution (Eq. (6.1».
Energy-loss Straggling in Moderately Short
Particularly for very short path lengths, the accuracy of Landau's and Vavilov's straggling functions can be improved by applying a binding correction. Such a correction, which increases the width of the straggling function, was first introduced by Blunck and Leisegang (1950) and involves the convolution of the Landau distribution with a Gaussian distribution with a variance ~ (the quantity already discussed in Section 6.1). A similar correction was applied to the Laplace transform of the Vavilov distribution by Shulek et ai. (1967) . Chechin and Ermilova (1976) have shown that the use of the Blunck-Leisegang or Shulek correction, while improving the width of the straggling distribution, does not extend the applicability of the theory very much toward smaller path lengths. Figure 6 .3 illustrates energy-loss straggling of 10-MeV protons in water vapor, calculated according to Vavilov's theory with Shulek's binding correction. The latter was evaluated with a binding correction ~ calculated from Eq. (6.8), assuming that (T}at = 207 eV (Bolorizadeh and Rudd, 1986) , and that II = 931 eV (Zeiss et ai. 1977b) . Various parameters pertaining to the calculation are given in Table 6 .1. A family of straggling functions is shown in Figure 6 .3 for several path lengths ranging from 3.46 x 10-4 to 1.11 X 10-2 g cm-2 (256 to 8192 mean free paths), in order to illustrate the transition from a skewed straggling function (with a single-scattering tail) to a symmetric Gaussian function as the path length increases.
Energy-loss Straggling in Very Short
Track Sections
For the calculation of straggling in a plural scattering regime, that is, for very short path lengths involving, on the average fewer than about 100 collisions, the approximations of the Landau and Vavilov theories are no longer valid. It is necessary to use as input collision spectra that are accurate for small as well as for large losses. These collision spectra must be convoluted by a suitable numerical technique.
One applicable convolution technique is the Monte Carlo method. Particle histories are simulated by sampling (a) the distances traveled between inelastic collisions and (b) the energy loss in each successive collision. For each sampled history, a score is kept of the sum of the energy losses in a specific section of track. The distribution of such scores from a large set of sampled histories provides an estimate of the struggling function. A Monte Carlo calculation is easy to set up, and has the advantage that the transport of Energy·loss distributions for 10·MeV protons in water, for path lengths from 256 to 8192 mean free paths (3.46 x 10-4 to 1.1 X 10-2 g/cm 2 ). Results were calculated with the Vavilov theory and the Shulek correction. energy by secondary electrons can readily be included, but requires much numerical computation. Figure 6 .4 shows straggling functions obtained by the Monte Carlo method, as well as results from the Vavilov theory with the Shulek correction, for 10-MeV protons in water vapor. The collision spectra used in the Monte Carlo calculation, from Berger (1988b), were constructed using as principal input differential ionization cross sections from Wilson and Miller (1984) and Wilson et al. (1984) , and were adjusted to give stopping powers identical with those from the Bethe theory. As can be seen in Figure 6 .4, the Vavilov-Shulek distribution agrees fairly well with the Monte Carlo results for a path length of 256 mean free paths where the ratio g/ I has the sufficiently large value 19.7, but not for 16 mean free paths where g/ I is only 1.2.
Another accurate, and computationally more efficient, technique is the numerical convolution method. This method was used by Bichsel and Saxon (1975) and Bichsel (1988) , who implemented an algorithm devised by A. Kellerer. The convolution method starts from the observation that the straggling function for a path length 81 + 82 can be obtained by convoluting the straggling functions for path lengths 81 and 82:
FCLl, 81 + 82) = fat; F(,1 -,1', 81)F(,1', 82) d,1'. (6.16) For a path length d8 so small that the occurrence of two collisions is extremely unlikely, the straggling function can be immediately written down as F(,1, d8) = 0(,1) [ 1 -d8 faWm q(W) dW] + d8 q (,1), (6.17) where 0(,1) is a delta function. The first term on the right-hand side represents the probability of no collision, and the second term the probability of one collision to occur in ds. Bichsel and Saxon used a value of ds approximately equal to 1/1024 of a mean free path. The straggling function from Eq. (6.17) is then convoluted with itself, using Eq. (6.16), and the convolution process is repeated many times to generate straggling functions for any path length of interest. Bichsel and Saxon (1975) calculated collision spectra for protons in aluminum, using information about the dielectric-response function (optical data), x-ray absorption coefficients and theoretical dipole and generalized oscillator strenghts. The dielectric data were used to calculate energy losses associated with the production of collective excitations (plasmons). Bichsel (1988) used the same approach to obtain collision spectra for fast charged particles in silicon, and obtained agreement to within one percent with experimental data on the most probable energy loss and the width of the straggling function. Figure 6 .5 shows straggling distributions for 20-MeV protons in aluminum obtained by Bichsel and Saxon by the numerical convolution method, and compares these distributions with results from the Landau theory (with and without the Blunck-Leisegang correction), and from the Vavilov distribution with the Shulek correction. The value of the binding correction, 02, used for the Blunck-Leisegang and Shulek corrections was derived from the Bichsel-Saxon collision spectrum. The Vavilov-Shulek straggling functions agree well with those from the numerical convolution method for path lengths of 256 mean free paths or more, but not for shorter path lengths. The straggling functions for very short path lengths (2, 4 and 8 mean free paths) are characterized by sharp peaks, which occur at multiples of the plasma energy (14.7 eV) for the aluminum. Such plasmon peaks have also been observed in an experiment by Perez et ai. (1977) on the penetration of electrons through very thin aluminum foils.
